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Abstract 



The concept of Smarandache Bryant Schneider Group of a Smarandache loop is 
introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful 
in finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is 
useful in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant 
■ Schneider Group of a loop are shown to be true for the Smarandache Bryant Schneider 

Group of a Smarandache loop. Some interesting and useful cardinality formulas are 
also established for a type of finite Smarandache loop. 



in 

oo : 1 Introduction 

p 

The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. 
In her book [16], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. For more on loops and their 
properties, readers should check [H], [3], [5], [7J, [8] and [IB] . In her book, she introduced 
over 75 Smarandache concepts in loops but the concept Smarandache Bryant Schneider 
Group which is to be studied here for the first time is not among. In her first paper [T7J, she 
introduced some types of Smarandache loops. The present author has contributed to the 
study of S-quasigroups and S-loops in [9], [10] and [11] while Muktibodh [13] did a study on 
the first. 

Robinson [15] introduced the idea of Bryant-Schneider group of a loop because its im- 
portance and motivation stem from the work of Bryant and Schneider [lj. Since the advent 
of the Bryant-Schneider group, some studies by Adeniran p], [2] and Chiboka [6J have been 
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done on it relative to CC-loops, C-loops and extra loops after Robinson [T5] studied the 
Bryant-Schneider group of a Bol loop. The judicious use of it was earlier predicted by 
Robinson [15]. As mentioned in [Section 5, Robinson [15j], the Bryant-Schneider group of a 
loop is extremely useful in investigating isotopy-isomorphy condition(s) in loops. 

In this study, the concept of Smarandache Bryant Schneider Group of a Smarandache loop 
is introduced. Relationship (s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful in 
finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is useful 
in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant Schneider 
Group of a loop are shown to be true for the Smarandache Bryant Schneider Group of a 
Smarandache loop. Some interesting and useful cardinality formulas are also established for 
a type of finite Smarandache loop. But first, we state some important definitions. 

2 Definitions and Notations 

Definition 2.1 Let L be a non-empty set. Define a binary operation (■) on L : If 
x ■ y G L V x,y G L, (L, •) is called a groupoid. If the system of equations ; a ■ x = b and 
y ■ a = b have unique solutions for x and y respectively, then (L, •) is called a quasigroup. 
Furthermore, if there exists a unique element e G L called the identity element such that 
VxGL, x ■ e = e ■ x = x, (L, •) is called a loop. 

Furthermore, if there exist at least a non-empty subset M of L such that (M, ■) is a non- 
trivial subgroup of (L,-), then L is called a Smarandache loop(S-loop) with Smarandache 
subgroup (S-subgroup) M . 

The set SYM(L, •) = SYM(L) of all bijections in a loop (L, •) forms a group called the 
permutation(symmetric) group of the loop (L, ■). The triple (U, V, W) such that U, V, W G 
SYM(L, •) is called an autotopism of L if and only if xU-yV = (x-y)W V x, y G L. The group 
of autotopisms (under componentwise multiplication([14j) of L is denoted by AUT(L,-). If 
JJ = V = W, then the group AUM(L, •) = AUM(L) formed by such ITs is called the 
automorphism group of (L, •). If L is an S-loop with an arbitrary S-subgroup H, then the 
group SSYM(L, •) = SSYM(L) formed by all 9 G SYM(L) such that hO G H V h G H is 
called the Smarandache permutation(symmetric) group of L. Hence, the group SA(L, ■) = 
SA(L) formed by all 6 G SSYM(L) D AUM(L) is called the Smarandache automorphism 
group of L. 

Let (G, ■) be a loop. The bijection L x : G — > G defined as yL x = x ■ y W x, y <E G is 
called a left translation(multiplication) of G while the bijection R x : G — ► G defined as 
yR x = y- xVx,y&G is called a right translation(multiplication) of G. 

Definition 2.2 (Robinson FT5f) 

Let (G, •) be a loop. A mapping 9 G SYM(G, •) is a special map for G means that there 
exist f,geG so that {9R~ l , 9LJ 1 , 9) G AUT(G, ■). 
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Definition 2.3 Let (G,-) be a Smarandache loop with S-subgroup (H,-). A mapping 9 G 
SSYM(G, •) is a Smarandache special map(S-special map) for G if and only if there exist 
f,geH such that (9R-\9LJ 1 ,9) G AUT(G, ■). 

Definition 2.4 (Robinson FT5f) 
Let the set 

BS(G, ■) = {9 e SYM (G, ■) : 3f,geG 3 (9R g \9Lj\9) G AUT(G,-)} 

i.e the set of all special maps in a loop, then BS(G, •) < SYM(G, •) is called the Bryant- 
Schneider group of the loop (G, •). 

Definition 2.5 Let the set 

SBS(G, -) = {9e SSYM(G, •) : there exist f,geH 3 (OR- 1 , 9LJ 1 , 9) G AUT(G, •)} 

i.e the set of all S-special maps in a S-loop, then SBS(G,-) is called the Smarandache 
Bryant- Schneider group(SBS group) of the S-loop (G, ■) with S-subgroup H if SBS{G,-) < 
SYM(G, ■). 

Definition 2.6 The triple <fi = (R g ,Lf,I) is called an f, g-principal isotopism of a loop 
(G, •) onto a loop (G, o) if and only if 

x ■ y = xR g o yLf V x,y G G or x o y = xRg 1 ■ yLj 1 V x,y G G. 

f and g are called translation elements of G or at times written in the pair form (g,f), 
while (G, o) is called an f, g-principal isotope of (G, •). 

On the other hand, (G, <8>) is called a Smarandache f, g-principal isotope of (G, ©) if for 
some f,geS, 

xR g ®yLf = (x (By) Vs,t/ 6 G 

where (S,(B) is a S-subgroup of (G, ©). In these cases, f and g are called Smarandache 
elements (S- elements). 

Let (L, •) and (G, o) be S-loops with S-subgroups L' and G' respectively such that xA G 
G' V x G L' , where A : (L,-) — > (G,o). Then the mapping A is called a Smarandache 
isomorphism if(L,-) = (G,o), hence we write (L, •) £3 (G, o). An S-loop (L, •) is called a 
G-Smarandache loop(GS-loop) if and only if (L, •) ^ (G, o) for all S-loop isotopes (G, o) of 

(V)- 

Definition 2.7 Let (G, •) be a Smarandache loop with an S-subgroup H . 

fi(G,-) = ^(9Rg\9L]\9) G AUT(G,-) for some f,g G H : hO G H V h G if} 
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3 Main Results 



The Smarandache Bryant Schneider Group 

Theorem 3.1 Let (G, •) be a Smarandache loop. SBS(G, •) < BS(G, •). 

Proof 

Let (G, •) be an S-loop with S-subgroup H . Comparing Definition 12.41 and Definition 12.51 
it can easily be observed that SBS{G,-) C BS(G,-). The case SBS(G,-) C BS(G,-) is 
possible when G = H where H is the S-subgroup of G but this will be a contradiction since 
G is an S-loop. 

Identity If / is the identity mapping on G, then hI = hEHWh^H and there exists e G H 
where e is the identity element in G such that (IR~ X , IL~ X , 1) = (J, /, 7) G AUT(G, ■). 
So, I G SBS(G, ■). Thus SBS(G, ■) is non-empty. 

Closure and Inverse Let a, (3 G SBS(G, ■). Then there exist fx,9i, f2,92 £ 7J such that 
A = (ai?- 1 , a2£\ a), B = (Z?^" 1 , Z?/^ 1 , /3) G AUT(G, ■). 

= (aRg X R g2 p- x ,aLj x L f2 f3~ x ,ap- x ) G AUT(G, •)■ 
Let 5 = fiR-^Rg.fi- 1 and 7 = pL] x L f2 0- x . Then, 

(a/T 1 *, a/3 _1 7, a/3" 1 ) G AUT(G, •) <S> (xa^S) • (j/a/TV) = (x ■ y)a/T 1 V 2, y G G. 

Putting y = e and replacing x by we have (x5) ■ {eaf3~ lr y) = x for all x G G. 

Similarly, putting x = e and replacing y by yfla~ x , we have (ea/3 _1 <5) ■ (3/7) = y for all 
y G G. Thence, xSRc^p-i^ = x and yyL( ea/3 -is) = y which implies that 

6 = R (e*i3-ij) and 7 = L^ ap _ lsy 
Thus, since (7 = ea/3 _1 7, / = ea/3 _1 5 G then 

AS" 1 = (afi^R- 1 , or/T^J 1 , a/T 1 ) G AUT(G, ■) <S> a/3" 1 G SBS(G, •)■ 

.-.SBS(G,-) < BS(G,-). 

Corollary 3.1 Lei (G, •) 6e a Smarandache loop. Then, SBS(G,-) < SSYM(G,-) < 
SYM{G, •). Hence, SBS(G,-) is the Smarandache Bryant- Schneider group(SBS group) of 
the S-loop (G, •). 
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Proof 



Although the fact that SBS(G, •) < SYM(G, •) follows from Theorem 13.11 and the fact in 
[Theorem 1, [15]] that BS(G, •) < SYM(G, •). Nevertheless, it can also be traced from the 
facts that SBS(G, •) < SSYM(G, ■) and SSYM(G, •) < SYM(G, ■). 

It is easy to see that SSYM(G, ■) C SYM(G, •) and that SBS(G, ■) C SSYM(G, •) while 
the trivial cases SSYM(G, ■) C SYM(G, ■) and SBS(G, •) C SSYM{G, •) will contradict 
the fact that G is an S-loop because these two are possible if the S-subgroup H is G. 
Reasoning through the axioms of a group, it is easy to show that SSYM(G, ■) < SYM(G, ■). 
By using the same steps in Theorem 13.11 it will be seen that SBS(G, •) < SSYM{G, ■). 

The SBS Group of a Smarandache /, g-principal isotope 

Theorem 3.2 Let (G, •) be a S-loop with a Smarandache f, g-principal isotope (G, o). Then, 
(G, o) is an S-loop. 

Proof 

Let (G, •) be an S-loop, then there exist an S-subgroup (if, •) of G. If (G, o) is a Smarandache 
/, g-principal isotope of (G, •), then 

x ■ y = xR g o yLf V x, y E G which implies x o y = xR' 1 ■ yLj 1 V x,y E G 

where f,g E H. So 

hi o h 2 = hiRg 1 ■ h 2 Lj x V hi, h 2 E H for some f,g E H. 

Let us now consider the set H under the operation "o". That is the pair (H, o). 

Groupoid Since f,g E H, then by the definition h% o h 2 = hiR~ l ■ h 2 Lj , hi o h 2 E 
H V hi, h 2 E H since (H, •) is a groupoid. Thus, (if, o) is a groupoid. 

Quasigroup With the definition h\oh 2 = hiR' 1 ■ h 2 Lj x V hi, h 2 E H, it is clear that (H, o) 
is a quasigroup since (H, ■) is a quasigroup. 

Loop It can easily be seen that / ■ g is an identity element in (H, o). So, (H, o) is a loop. 

Group Since (H, •) is a associative, it is easy to show that (H, o) is associative. 

Hence, (H, o) is an S-subgroup in (G, o) since the latter is a loop(a quasigroup with identity 
element / • g). Therefore, (G, o) is an S-loop. 

Theorem 3.3 Let (G,-) be a Smarandache loop with an S-subgroup (H, •). A mapping 
9 E SYM(G, •) is a S-special map if and only if 6 is an S-isomorphism of {G, •) onto some 
Smarandache f ', g-principal isotopes (G, o) where f,gEH. 
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Proof 

By Definition 12.31 a mapping 9 E SSYM(G) is a S-special map implies there exist f,g E H 
such that (OR- 1 , 9LJ 1 , 9) E AUT(G, •)• It can be observed that 

(9R-\9L- f \6) = (9,9,9)(R-\L-\I) E AUT(G, •). 

But since (R-\L]\l) : (G, o) — ► (G, ■) then for (9R~ X , 9LJ 1 , 9) G AUT(G, ■) we must 

have (0, 0, 0) : (G, •) — ► (G, o) which means (G, ■) =" (G, o), hence (G, •) ^" (G, o) because 
(H, -)9 = (H, o). (R g ,Lf,I) : (G, ■) — > (G, o) is an /^-principal isotopism so (G, o) is a 
Smarandache /, (^-principal isotope of (G, •) by Theorem 13.21 

Conversely, if 9 is an S-isomorphism of (G, •) onto some Smarandache /^-principal 
isotopes (G, o) where /, g G i? such that (if,-) is a S-subgroup of (G, •) means 
(9,9,9) : (G,-) — ► (G,o), (R g ,L f ,I) : (G, ■) — ► (G, o) which implies 
(Rg\Lj\l) : (G,o) — ► (G,-) and (iJ, -)9 = (H,o). Thus, (9R~ l ,9Lf ,9) G AUT(G, ■). 
Therefore, is a S-special map because f,g G H. 

Corollary 3.2 Let (G, •) be a Smarandache loop with a an S-subgroup (H,-). A mapping 
9 G SBS(G, •) if and only if 9 is an S-isomorphism of (G, •) onto some Smarandache f,g- 
principal isotopes (G, o) such that f,gEH where (H, •) is an S-subgroup of (G, •). 

Proof 

This follows from Definition 12.51 and Theorem 13.31 

Theorem 3.4 Let (G, •) and (G, o) be S-loops. (G, o) is a Smarandache f, g-principal iso- 
tope of (G, •) and oreZy i/ (G, •) is a Smarandache g, f -principal isotope of (G, o). 

Proof 

Let (G, •) and (G, o) be S-loops such that if (H,-) is an S-subgroup in (G, ■), then (H,o) 
is an S-subgroup of (G, o). The left and right translation maps relative to an element x in 
(G, o) shall be denoted by C x and 1Z X respectively. 

If (G, o) is a Smarandache /, g-principal isotope of (G, ■) then, x-y — xR g oyLf V x,y G G 
for some f,gEH. Thus, = xR g lZ y L f and yL-^ = yL fC X R g x,y E G and we have i?^ = 
RgTZyif and L x = L f C xRg x,y G G. So, 7^ = R^R L -i and ^ = Ll x L xR ~^ = x,y G G. 
Putting y = f and x = g respectively, we now get 7Zf = R^Rj^i = Rg 1 and £ 9 = 

Lj L R -i = Lj 1 . That is, 72-/ = i?" 1 and £ 9 = Lj 1 for some f,g E H. 
Recall that 

x ■ y = xRg o yLf V x,y E G x o y = xRg 1 ■ yLj 1 V x,y E G. 

So using the last two translation equations, 

x o y = xTZf ■ yCg V x, y E G <^ the triple (TZf, £ g , I) : (G, o) — > (G, •) 

is a Smarandache g, /-principal isotopism. Therefore, (G, ■) is a Smarandache g, /-principal 
isotope of (G, o). 

The proof of the converse is achieved by doing the reverse of the procedure described 
above. 
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Theorem 3.5 If (G,-) is an S-loop with a Smarandache f, g -principal isotope (G, o) ; then 
SBS(G,-) = SBS(G,o). 

Proof 

Let (G, o) be the Smarandache /, g-principal isotope of the S-loop (G, ■) with S-subgroup 
(H, ■). By Theorem 13.21 (G, o) is an S-loop with S-subgroup (H,o). The left and right 
translation maps relative to an element x in (G, o) shall be denoted by C x and TZ X respectively. 

Let a E SBS(G,-), then there exist fi,gi E H so that (aR~*, 01LZ , a) G A£/T(G, •). 
Recall that the triple (R gi , Lf x , I) : (G, •) — > (G, o) is a Smarandache /^-principal 
isotopism, so x ■ y — xR g o yLf \/ x,y E G and this implies 

R-x — Rg7lxL f and L x = LfC x n g V x E G which also implies that 

TZ X L f = R^Rx and C X R g = LJ L X V x E G which finally gives 
1Z X = R~ l R xL -i and C x = Lj 1 L xR ~i V x E G. 
Set f 2 = faR^Rg and g 2 = gaLj^Lf. Then 

^92 = R^RgaL-^-LfL-. 1 = R g lR gaL^ (!) 

and C h = LfL^-x^-x = L^L^-i V x E G. (2) 
omce, {aR-^aLj^a) E AUT(G, ■), then 

(xaR~^) ■ (yaLj^) = (x ■ y)a V x,y E G. (3) 
Putting y = g and x = f separately in the last equation, 

xaR-^R^-^ = xR g a and yaLj^L {faR -i } = yL f a V x,y EG. 

Thus by applying (0Q) and ([2]), we now have 

uR- g l = RgaR' 1 ^ = RgalZg^R- 1 and aLj^ = L f aL^ aR ^ ) = LjaC^L] 1 . (4) 

We shall now compute (x o y)a by ([3]) and (jll) and then see the outcome. 

(x o y)a = (xRg 1 ■ yLj x )a = xR~ l aR~^ ■ yLj x aLj^ = xR' 1 R g alZ~^ R g l ■ 
yL^LfaCj^Lj 1 = xaTZ^Rg 1 ■ yaCj^Lj 1 = xaTZ^ o yaCj^ V x,y EG. 

Thus, 

o y) a = xulTgl o yaC^ 1 V x,y E G (an~ 2 \ aCj 2 \ a) E AUT(G, o) a E SBS(G, o). 
Whence, SBS{G,-) C SBS(G,o). 

Since (G, o) is the Smarandache /, ^-principal isotope of the S-loop (G, •), then by The- 
orem [331 (G,-) is the Smarandache g, /-principal isotope of (G, o). So following the steps 
above, it can similarly be shown that SBS(G,o) C SBS(G,-). Therefore, the conclusion 
that SBS(G, ■) = S£S(G, o) follows. 
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Cardinality Formulas 

Theorem 3.6 Let (G, •) be a finite Smarandache loop with n distinct S-subgroups. If the 
SBS group of (G, •) relative to an S-subgroup (Hi, •) is denoted by SBSi(G, ■), then 

1 n 

\BS(G, -)\ = -J2 \ SBS *( G > 01 [BS(G, ■) : SBSi(G, ■)]. 
i=i 

Proof 

Let the n distinct S-subgroups of G be denoted by Hi, % = 1,2, ■■■n. Note here that 
Hi ^ Hj V i,j = l,2,---n. By Theorem EU SBSi(G, ■) < BS(G,-)Wi = 1,2, •••n. Hence, 
by the Lagrange's theorem of classical group theory, 

\BS(G,-)\ = \3BSi{G,-)\ [BS(G,-) : SBS^G,-)} Vz= 1,2, ---n. 

Thus, adding the equation above for all z = 1, 2, • • • n, we get 

n 

n\BS(G, -)| = J2\SBS l (G,-)\ [BS(G,-) : SBS^G, •)] V z = 1,2, ---n, thence, 

1 - 

\BS(G, 01 = - X) ^^(G, 01 : SBSi(G, ■)}. 

i=l 

Theorem 3.7 Let (G, &e a Smarandache loop. Then, Q(G, ■) < AUT(G, ■). 
Proof 

Let (G, be an S-loop with S-subgroup H . By Definition 12. 7\ it can easily be observed that 
fl(G,0 C AUT(G,-). 

Identity If J is the identity mapping on G, then hI = h^H\/h^H and there exists e £ H 
where e is the identity element in G such that {IR~ X , IL~ X , I) = (I, I, I) G Af/T(G, 0- 
So, (/, /, /) G Q(G, ■). Thus fi(G, is non-empty. 

Closure and Inverse Let A, B G Q(G, 0- Then there exist a, (3 G SSYM(G, ■) and some 
fi, Qii f2, QiEH such that 

A = (aR~\ aL£, a), B = ((3R^, f3L] 2 \ (3) G AUT(G, ■). 

AB- 1 = (aR-^aLj^a^R^- 1 ,^- 1 ,?- 1 ) 
= (aR^RgJ-^aL-^L^- 1 ,^- 1 ) G AUT{G, ■). 

Using the same techniques for the proof of closure and inverse in Theorem 13.11 here 
and by letting 8 = (3R~ x R g2 (3~ 1 and 7 = PLj^L^P' 1 , it can be shown that, 

AB' 1 = (af3- l R-\ afi^Lj 1 , a/3" 1 ) G AUT(G, ■) where g = eafi^j, f = ea^ l 5 G H 

such that a/?" 1 G SSYM(G, ■) <£> AB' 1 G Q(G, ■). 
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.-. •) < AUT(G, •). 

Theorem 3.8 Lei (G, ■) be a Smarandache loop with an S-subgroup H such that f,g <E H 
and a G SBS(G, •). If the mapping 

$ : £l(G, •) — >SBS(G,-) is defined as $ : (a-R s \ aLj 1 , a) h-> a, 

then $ an homomorphism. 

Proof 

Let A,Be Q(G,-). Then there exist a,/3 G S'S'FM(G, •) and some /i, gi, / 2 , gi G if such 
that 

A = (ai?- 1 , aL^ 1 , a), 5 = /?LJ 2 \ /3) G AUT(G, ■). 

$(AB) = Q[(aR£,aLji,a)(PR£,PLl\P)] = ^(aR-^R-'^Lj^Lj^aP). It will be 
good if this can be written as; $(AB) = $(a:/35, ct/37, a P) sucn that /ia/3 G H V /i G and 
5 = i?" 1 , 7 = Lj 1 for some g, f E H. 
This is done as follows: If 

(aR-^R-^aL^pLj^aP) = (a(35, a/3 7 , a/3) G AUT(G, ■) then, 

xa:/3<5 • wo;/37 = (x • y)a/3 V x, y G G. 

Put y = e and replace x by x/^a -1 then x<5 • eaf3~f = x ^ 5 = R~^- 

Similarly, put x = e and replace y by y(3~ l ct~ l . Then, ea{35 ■ yy = y 7 = L~^ s . So, 

= (aPR;^,aPL;^ s ,aP) = a[3 = §(aR~^, aLj^, a)$((3R~^, P) = $(A)$(B). 

.'. $ is an homomorphism. 

Theorem 3.9 Let (G, •) be a Smarandache loop with an S-subgroup H such that f,g<EH 
and a G SSYM{G, •). If the mapping 

$ : Q(G,-) — >SBS(G,-) is defined as $ : (<xR~\ aLj 1 , a) h-> a 

then, 

A = (aRg 1 , aLj 1 , a) G ker $ if and only if a 

is the identity map on G, g • f is the identity element of (G, •) and g G N^G, •) the middle 
nucleus of (G, ■). 

Proof 
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Necessity ker $ = {A e Q(G, ■) : = /}. So, if A = (aft" 1 , aLj^, a) G ker$, then 

= a = I. Thus, A = (R~ l , Lj^, I) G AUT(G, •) <£> 

x ■ y = xRg 1 ■ yLj 1 V x, w G G. (5) 

Replace x by xi? 9 and y by yL/ in ([5]) to get 

x-y = xg- fyV x,y EG. (6) 

Putting a; = w = e in (J6J), we get g ■ f = e. Replace y by y-^J 1 in (EJ) to get 

x ■ yLj 1 = xg ■ y \/ x,y E G. (7) 

Put a; = e in ([?]), then we have yL J 1 = g ■ y V y G G and so ([7]) now becomes 

z • (gy) = xg ■ y V x,y e G O g e N^G, •)• 

Sufficiency Let a be the identity map on G, g ■ f the identity element of (G, ■) and g G 
iV M (G, •)• Thus, fg ■ f = f ■ gf = fe = f. Thus, f ■ g = e. Then also, y = 
f9'y = f'9y^y^G which results into ?/L7- 1 = gy V w G G. Thus, it can be seen 
that xaRg 1 ■ yaLj 1 = xRg 1 ■ yLj 1 = xR~ l a ■ yLj x a = xR~ l ■ yLj 1 = xR' 1 ■ gy = 
(xR~ 1 -g)y = xR^Rg-y = x-y = (x-y)a V x,y G G. Thus, &(A) = ^(aRg 1 , aLj 1 , a) = 
(S>(Rg\L- l ,I) = I A G ker$. 

Theorem 3.10 Let (G, •) be a Smarandache loop with an S-subgroup H such that f,g G H 
and a G SSYM(G, •). // the mapping 

$ : fi(G, •) — >SBS(G,-) is defined as $ : (<xR~\ aLj 1 , a) h-> a 
|A^(G,-)| = |ker$| and |fi(G,-)| = -)||iV M (G, -)|. 

Proof 

Let the identity map on G be /. Using Theorem 13.91 if 

gB = (Rg\ L-\J) WgE N^G, ■) then, 9 : N^G, •) — > ker $. 

6 1 is easily seen to be a bijection, hence {N^G, -)| = | ker $|. 

Since $ is an homomorphism by Theorem I3.8[ then by the first isomorphism theorem 
in classical group theory, Q(G, -)/ker$ = Im$. $ is clearly onto, so Im$ = SBS(G, ■), 
so that ft(G,-)/ker$ = SBS(G, •). Thus, \Q(G, -)/ker$| = \SBS(G, -)|. By Lagrange's 
theorem, |fi(G,-)| = | ker $| |ft(G, •)/ ker $|, so, |n(G,-)| = | ker $||555(G, -)|, .\ |^(G,-)| = 
|iY M (G,-)||^(G,-)|. 
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Theorem 3.11 Let (G, •) be a Smarandache loop with an S-subgroup H . If 

e(G,-) = {(f,g)EHxH : (G, o) (G, •) 

/or (G, o) t/ie Smarandache principal f, g-isotope of (G, ■) j then, 
\Q(G,-)\ = \Q(G,-)\\SA(G,-)\. 

Proof 

Let A, B G fi(G, •). Then there exist a, /3 G SSYM(G,-) and some fi, gi, f2, 92 £ # such 
that 

A = (ait;- 1 , aL~\ a), B = (/W?" 1 , /3L"\ /?) G AUT(G, ■). 
Define a relation ~ on Q(G, •) such that 

A ~ B /i = f 2 and 5-1 = 

It is very easy to show that ~ is an equivalence relation on Q(G, •). It can easily be seen 
that the equivalence class [A] of A G Q(G, •) is the inverse image of the mapping 

^ : tt(G, •) — ► 9(G, •) defined as $ : (ai?" 1 , aLj*, a) i-> (/, 3). 

If A, 5 G ft(Gf •) then = if and only if (f h9l ) = (f 2 ,g 2 ) so, 

fi = /2 and (71 = g 2 . Thus, since f2(G, ■) < AUT(G, ■) by Theorem 13.71 
then AB- 1 = (aR-\ aLf, a)(PR~\ f3L] 2 \ /3)" 1 = (aR~^R g2 P~ 1 , aLj^Lfofi -1 , a/3 -1 ) = 
(a/3" 1 , a/T 1 , a/3" 1 ) G AUT(G, ■) <S> a/3" 1 G SA(G, •)• So, 

A ~ 5 ^ ar 1 G SA(G, •) and (/i,fl-i) = (f 2 ,g 2 ). 

.'. I [A] I = |S7L(G, -)|. But each A = (ai?" 1 , cuLj 1 , a) G f2(G, •) is determined by some 
f,g E H. So since the set j[A| : A G fi(G, •) j of all equivalence classes partitions Q(G, •) 
by the fundamental theorem of equivalence Relation, 

l«(G,-)l= E IMI = E -)l = |e(c, oil^CC 

.•.|fi(G,-)| = |e(G,-)||5A(G,-)|. 

Theorem 3.12 Let (G, ■) fre a finite Smarandache loop with a finite S-subgroup H . (G, •) 
is S-isomorphic to all its S-loop S-isotopes if and only if 

\(H,-)\ 2 \SA(G r )\ = \SBS(G,-)\\N fl (G r )\. 
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Proof 

As shown in [Corollary 5.2, [12]], an S-loop is S-isomorphic to all its S-loop S-isotopes if and 
only if it is S-isomorphic to all its Smarandache /, g principal isotopes. This will happen if 
and only if H x H = Q(G, ■) where Q(G, ■) is as defined in Theorem 13.111 

Since 0(G, ■) C H x H then it is easy to see that for a finite Smarandache loop with 
a finite S-subgroup H, H x H = 6(G, ■) if and only if \H\ 2 = \Q(G, -)|. So the proof is 
complete by Theorem 13.101 and Theorem 13.111 

Corollary 3.3 Let (G, ■) be a finite Smarandache loop with a finite S-subgroup H . (G, •) is 
a GS-loop if and only if 

\(H,-)\ 2 \SA(G r )\ = \SBS(G,-)\\N,(G r )\. 

Proof 

This follows by the definition of a GS-loop and Theorem 13.121 

Lemma 3.1 Let (G, •) be a finite GS-loop with a finite S-subgroup H and a middle nucleus 
JV„(G, ■) . 

IW-)l = WG,.)I^IW-)l = lSf. 

Proof 

From Corollary 13.31 

\(H,.)\ 2 \SA(G r )\ = \SBS(G,-)\\N fl (G,-)\. 
Necessity If \(H,-)\ = |JV M (G,-)|, then 

\(H,.)\\SA(G,.)\ = \SBS(G,-)\ =► \(H,-)\ \ SBS{G - ' ] \ 



\SA(G, 



Sufficiency If \(H, -)| = ^sa(g^)\ then ' \( H > -)W SA (G, 01 = \SBS(G, •)!• Hence, multiplying 
both sides by \(H, - )|, 

\(H r )\*\SA(G r )\ = \SBS{G,.)\\(H r )\. 

So that 

\SBS(G,.)\\N^G,.)\ = \SBS(G,-)\\(H,.)\ \(H,-)\ = \N,(G,-)\. 

Corollary 3.4 Let (G, ■) be a finite GS-loop with a finite S-subgroup H. If [N^G, -)| ^ 1, 
then, 

\SBS(G,-)\ u n\SBS{G,-)\ 
\(H, 01 = lSA{Gr)l ■ Hence, \(G, -)| = 0| /or S ome „ > 1. 
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Proof 

By hypothesis, {e} 7^ H 7^ G. In a loop, N^(G,-) is a subgroup, hence if |A^(G, -)| ^ 1, 
then, we can take (if, •) = iV M (G, •) so that |(if, -)| = \N^(G, -)|. Thus by Lemma |3~T| 

|/rr \| _ |SBS(G,-)| 

lv ' VI — |5A(G,-)| • 

As shown in [Section 1.3, |8J], a loop L obeys the Lagrange's theorem relative to a subloop 
H if and only if H(hx) = Hx for all x G L and for all h G H . This condition is obeyed by 
N^(G, •), hence 

|(G, -)| =^ \ SBS ( G > 



there exists n G N such that 



KG, 



|5A(G,.)| 
n\SBS(G, 



KG 



\SA(G,-)\ • 

But if n = 1, then |(G, -)| = \(H, -)| (G, •) = (if, •) hence (G, •) is a group which is a 
contradiction to the fact that (G, ■) is an S-loop. 

.'. I(G, -)l = 1 „ , / i, rr~ for some natural numbers n ^ 1. 
IV 71 |S7i(G, -)| * 
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